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Indefinite Integrals

1
|

Integration of Some Elementar,

Integration . |
The process of finding the function whose derivative is known FunCtlons
is called integration. Integration is the inverse of differentiation W do . N
and 1s therefore also called anti-differentiation. (i) a(x) = Idx X i,
A - ' ) Xn“ : -"d -Xn,ﬂ +C’n¢ .1
el .e 2 s xdx = —
Indefinite Integrals i a[ : +1J it ko RO
If F(x) is a differentiable function of x and ol .| 1 LR
d ‘ )G S(oghl) = [Ldv=log x| +C
d—[F(X)]=f(X) (1) dx X 7 x R
x
~ ' L R . d . X _— X e v
then, we write - B (iv) d—x(e") =e’; J.e dx=e +C_ £ ow
x) dx =F(x , T x $IoRer- ;
Iﬂ) £ = (v) i[_a ]:a";.’.a"dx:a +E3
The function F(x) is called the integral or the anti-derivative dx Iog q ' I?g‘aA

G- AR 4

of f(x) with respect to x. The function f(x) is called the Yrid Ly tikers I o <
integrand and x is called the variables of integration of the (Vi) d—x(cgsx) s il x,fsmxdx— 'c‘osx+C ‘
integral. The symbolf is called the symbol of integration. : ’

(vii) ;(sin X) =cos X; I cosxdx=sinx+C

Since, the derivative of a constant is zero, we have

d _d d
—F(x)+J= d—XF(X) i ©

y (viii) 'di(secx) =secxtan x; j Secxtan x dx =secx + C

=0 L Ui ('X) d%(COS.ECX)=—c.ose'C_x'cotx:‘

Hence, we, obrtain

[fax=Fr+c i

Icosec Xcotxdx =~cosec x+C -
where C is any arbitrary constant and is called the constant of - dx ; RITE AAX SR XEC L
integration. By assuming different values , of G we,, obtain " : ' :
different values of the integral, i.e.’ the integral of a function -

g ol D P M e P
- () Zlcotx) = ~cosec’; [ cosec?x di= ~cotx+C

f(x) as given by Eq. (iii) has infinite number of y’a[t‘ies_.,(on‘_g for P SRRICH e e
each value of C) and is therefore called ‘thevin'd‘eﬁhi‘te_irJ,Eeg(al of - _("i')_‘ d'_x(sm J‘)=\—2-~,Jl~-~=sm"’x +C
f(x) with respect to x it O LR Gt e qf‘vl-xz‘ i

S SRR 5 gy
R . olC e R R

s
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tegral® .
| | lndeﬂnne in L&
1 dx ion
d ) =—7 [~ mranT x4 C tuﬂo
o Lt Ty 1K Integration by Substi dtoa ;andard forfm
e
o )__“__]____ O o™ Sometimes, a given integral can yber d:;g h o inted’d
(o ; Clcot YT 1+ Y’ REFT% R by using a suitable substitution.
X 3
‘ dx [ = I f (8(%)) gV ')
— = =sec” X+ : = dt
(‘Vn f\ lx \/\ -1 vl\f;’-:l ) xte Here we substitute g(x) =t and g'() &=
: Then, given integral reduces (O
d (cosec” ') B L T f= [ fe)yat
(LA ‘) |x |\/ X' =1 I f

o eimplify 1€
In standard form and we can easily simplify _,

dx
Some Important substitution

j/-=—cosec“x+c
Ilyx" =1

~ Expression Subsutu(t;on cocO
(1 d+¥ x=atn0ora
p,opertles of Integration W s ol 40
o) j af( x)t}X aj'f(X)dx, where a is any arbltrary constane: - (- = = asecor acosec @
i = =qac0s20
) [ g0l =[S0 de [ g0 de ™ ooy s
oo [ f(g())g' (X)dx = (g(x) '
I '[f j Example 3. What is the value of the integral
BN T A 7 : ‘ " 241
gxample 1. Evaluatejx‘ \/x_ 1 ) (ﬁx_‘} aeis S _ }
L3Ik o X i s ; je : dx-] X2 DX : "(NDA 2005 n
@ 2x% _x+2x24C o : Sitat [ﬁ_,,_,) 3
6 | o .
: (@) e* +C , (b).e +C 57
(b)gxm—x+2x”2+c ' (}H} R |
. " 1 & e v
()é 5/6 x+%x”2+C (© Xeq+C : (d) (X,*";},_ A

(d) None of the above’ : : [ ) R
Sol. (b) We have, ’ S 3 Sol. (b) Let v>l=je - dx—_['e,—r‘dx o
x’”+1 1 : ooyl , s
dx = I——-dx I———dx+j 1ndx

pecfeetie gyt

=j x " Védx - Idx+jx’ Ldx X
X' X2 by 3 b Put x+1=t
=l X _—_-+C ¥
(5/6) (1/2 LA e g .
6)(5/6 x+21“+C 5% 5 i N (1r;—z-)dx=dt.. . 3 .
0 s gty {8 R : (”"l‘)ﬁ . [ii;‘} & g
Example 2. Evaluate /1+sin2X dx i e P | j’=,[e-'dt=°'+c=e wyceer " FaC
(a) sinx +C (b) o5 X+ G -5';,{5;_ . f. G R e A
(@ sinx—cosx+C (@ sinx +cosx+C xample 4. What is the value of: I_e__g_t_xl
7 S L pi s X
Sol. (¢) (14 sin2x)dx . g TGt L T % ("e )(NDA 2007 m
(a) e’ cotx+C e (b) cosz(xe )+c

I (c) log sin. (xe )+C (d) —cot(xe")+c
= , e O+x)

=sinx—cos¥+L!
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I==]y"ty
Put Xe¥ =f = O idv i = . I
: ____‘_"_L_ym*l "(-
I= I = | cosec’t dr (m+1)
sin’t s
-1 m ; )
==cott ¢ zz;n—:iicot x+Cifmwu <y
Pabte N wy: We gt 2% df,
UKol S AR AL e
Example 5. why | the value of | P N

sin? x sin o

(NDA 2005 11) sin2x . L. AR I 2sinx cos x
)+C (b) cos (sec acosx)+C (i (b) 1= ,f

g tan™x
,__.J'crdy:.-g"-f-Cr-e n +C
@ sin“(sec qeos

(©) sinh~(sec a cos

p cos +qsin’x  p4(g-pysnts ~psint;
X)+Cld) cosh'(sec o cgs x)+C Put sinx =p = 2sinx cosx dx =dy
Sol. (b) Let e sinx dn __(IL__,_._
f/m x =sin’q /-J‘p'l-(CI“P)y_'L_E Ry
= LAY =—Lloglp +(g=ply|+c gt
1=cos’x ~sin? g - )
_f sinx o =_i_]og]p +(g ‘—p)sihsz+C
\/cosza-coslx 9 ' T
Put Cosx =t = =sinx dx =g : :
) Integrals Involvmg Trlgonomemc
2 (7
Veos®a | Functions
=cos“( : )+C (i) Itanxdx loglsecx[+C
cosa

=cos™(sect cos x)+C

Example 6. Evaluate the following integrals
() cot™ x cosec2y dx,m = -1

(@) log|cot x| + ¢
(€ — T ot

() J’

» (a) etan b 4 +C

(ii) J.cotxdleoglsmxHC

(iii) Isecxdx=log [secx +tan x|+

=log tan (E +5)4—__C.
402

(iv) J' cosecx dx = log | cosecx — eor x [+C

(b) —log|cotx|+C
X +C(d) None of these

tan x

1-sinx
Example 7, Evaluate the integral J'\.
T+ x?

dx;
1-cosx

(b) etan” x +x+C (a) cotEx-—Zlog |sm—|+C
(et 1, ¢ (d) None of these "
x

(b) cot g +2log |sin —| +C

(”')I sin2x dx
pcos? x+qsm X

(@ (p~ =q)log|p +(q - p)sin? x|+C
(b) ——log[p+(q - p)sin? x|+C

(© —cot5+2log|sm:2:—l+c

- (d) None of the abo&e S

sol. (d)

(c) -—=—loglp ~(g-p)sin? xl+C )
pP-q :

(d) None of the above TSR
Sol. (1) (c) Let —J’cot”i(cosec de T b R T o

Pug-. .- cotx == (—cosec x)dx dy

e e
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oo
=-col('2j 2log g|n(_2_)

xample 8. Evaluate the integral Ay

Xcos (l+|ogx)"f
(d) tan(1-logx) 4 ¢
ol (© substituting 1+logx =y, we get (L=dy
I .

j —Isec’ydy

=tny +C=tan(1+logx) + ¢

$+C

(@ 109 |1+ tanx| + c*
© tan(1 +logx) +C

cos’y

|ntegrals of the Form
F Px .9 x dx

valuate the integrals of t iR
Toe g he form |{sinfcos? x dx, we w

the following procedure..

(i) If p is an odd integer and q is any real number subsmu[e
CoS X =Y.

"

(ii) If g is an odd integer and p is any réal number substltute |

sinx=y. ) |

(iii) If p and q are both even integers, then expression sin”x
and cos? x in terms of cosines of multiple angles.

gxample 9. Evaluate the following mtegrals
()} jsm x+/cos xdx ()} _[Sm x’cos xdx,

3/2 7/2

(a) 20532 x + 2cos™2 x 4 C
3 7
(b) 2eos¥ x4+ 2 My c
3 7
1.3 1.5
(€) =sin® x —=sin® x +C
3 5
! 1
& Esm X+55m THEC e
Sol. ( |= Ism xacosxdx = _[(smx (sm X)\/c?s_ dx
‘ISIHXO cos chos dx % PRI

o =-Ja —y2)~/— dy

(Put cosx-y:: —sin xdx .-dy) »

i 293
Indefinite integrals

(")(C) ’ﬁjsiﬁ)x (‘Os1 X dx -"3]'.in’x((()5‘x)cosx dx »
njsin’x(1 - gintx)cosx
e Iyiu ___yl)dy i
(Put sin X =y =7 cos X

1 1 1 [
=ayf ey +C
3y 52

=it x=tsinf 4+ C
3 5.

Integrals of Some Particular
Functions

( o (X)ec
l)[a w atan (a)+c

dx a+x
(ii) ——Io
'[ -x* 2a Bl g a=x

(iii) _l|
Ixzfaz . 2a g xX+a

ke
A =sin” ( )+Cor - C0s~ (X)+C

\/az—xz ; a : aj: )

Iog|x+,/x -a |+C |

(Vl)j\lf_—log|x+,/x +a’ |+C
e

+C

PRy e W
+C' -

((Vii)'j','az =% dx=x——-"azz’—xz'+,fi§n ( )+C
s 2 a

2
dx

1 x 03e ) f x
(vili) | —==-sec 1(—)+C or — —cosec 1(—)+C
<Ix\fx2—a2 a a WA al

\

X+1
9-4x2

() %\]9—4x2 l%sm ’@x}tf
(b) %\l9.-§4x2: 4%sin ‘(%x)+c Ll
(© —Z,/9 -4x? +;sln‘ @x}-c g

Example 10___,_»_'Ev.aluatg j dx

() -z,f9 ~ax? -;sin ( )

I xdx .

Sol Let ‘ !
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294  NDA/NA Pathfinder

Now, Ny

t'--' ey
94y’
Put 9—dx‘=y? = x 4y z-—(l}zdy
4
PASL J';'dy

=~“‘;}'+C, =-Z\f9~4xl +G

j:
A =j‘-—-—.l='\=_ =15in"(sz+C2
\/‘)—dm2 2 3
1
I=—Z‘/9--4x2 +§sin"(§x)+C
Where C=( +, is another arbitrary constant,

Example 11. Evaluate the integral

Idx
4

x' +a?

1 2 _ 2_ fax4

@ Z_[tan-ru+logzz_£u vc
a xv2a 2 " x?4.\2a x+a '
a

(b)

1 _
tan -
20420[ xv2a 2 gxz ++2a x+a|
1 -1 xz—a__l og 2ax +a i
2vV2a x2a 2 “x?_\Pax-a
1 g x2 L] x? —\2ax+a ]
(d) —|tan™’ l og +c
v2a xs/Za x?2+\2a x+al

Sol. (b) Let/= j " j ? *”’ (" —a)dx
X a X +a

1 ¢x*+a . 1¢x’-a 1, .
sl AR ST, de=—g -1
ZaIx‘+ a’ Zafx4+ a? Za(l' 2

a
x’+a e
We have, | == dx=f X dx
a

X +a2 2

x4 g

2

X {

2 _ Ty
_1,0 X Zax+aJ+C‘

= first funcnon X (mtegral of the second funcrron)

Integrals of Some Speclal

3 : ('I) Ie smbxdx_"'-
4 . 'a' “+b
A ~‘~ L) % g vi ax" A‘ o bt - = ;
N ('") .f S COSbX dx -ﬁ—(acosbx +bsm bx) HC
e a +b? '

4 }_,(iv) j -——-dx logl f(x)]~FC

x’-—(l mj’—--wx-w-" 2 dg \ ~:
= | =7 ¥ pr) ¥
x'+a XZ+__2_ : § _::
A RE b
3
jo8 g
1 e
. =J- 3 L Lo i 7
T N

x+~) =2 i

ook o ¢
B T S R PR
Putx+£=y="'(1"7)dx @Y i s 3 e o B
X X A A e
dy 5
/2 —J.y __za 5 ”
=—=log 2|, .
20 |y+ 2a K
1 ___M +Cyp 'y
T TR M g
¥ 2 ) i - 4 '
x‘=al| 1 X —V2ax+g 3
|= ! tan”| —= ——log—z—-.—‘———-s +Co R
Y 2av2a xv2a ) 2 yx"+2ax+a R

e c=(q —C,)2is another” a'rb‘ltrﬁhf’ c‘c}rfrg‘é’int o

Integration by | Par"tjs!"'v'

This method is mainly used when the lhtegral is the producrc :
two functions. Let f(x) and g(x) be two dlfferentjable funmo‘
of x.. Then, we have : g

J 09809 = 9] g0 = | [ 109 j &l dx} e

— integral. of second function' (mtegral of the first function x '§
derivative of the second functlon)

Whlle integrating by parts we use the order ILATE e, invere k¢
function,  logarithmic “funiction, - algebraic functlom
tngonometnc function, exponent function. '

Function G
(i) J.e {f(X) -}-f’(x)” dX exf(X) +C 5;

'CIX

(asm bx - bcos bx) + C

f()
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Exﬂ“""e 12. Evalluate j xlogx dyx
X’ xa C
(a) Tlogx ¥ 4 -

2 x2

X PRRARN
2 xz

X AR

«d None of the above
50 I.( )Takmglogx
ince.
( |= jxlogx dx

X X1
5 ez log "I?(;)dx
2

X 1
=—Ilogx ——
3 8 2_“xa‘x

= logx —54— +C

gxample 13, Evaluate Itan“x dx
(a) xtan™' x + %Iog(] + xz) + c.
(b) xtan™' x —%Iogﬁ +x2) +C

(0) xtan™' x + %Iog(f— x¥)+C

(d) None of the above

Sol. (b) Taking tan™'x as the first function and 1 as the second

function. (
=1 ¥ ¢ 4
I= _‘.1 -tan” ' X dx

X

I=xtan"x¥j -

dx

1+ x

Put 14+ x' =y = xdx=d—2y
1¢d
I=Xtan’1xé-—j——)/é
2
=xtan™' x —%logy +C

: Y
=xtan"'x —--2-|0g(1 + Xz)j"c :

Example 14. Evaluate Ie"(x‘ +1) dx

@e*+C
@e*+x+C

Sol. (b) We know that, ;—{X} 1

as the first functio
Nand x as
€ second f
unction

G : -»,‘]'-

. VWMM" 6 Ld
295
“Indefinite Integrals %

2
EXample 15, Evaluate j BX 4+:!X 3dx

1
(a) "'(Xl'+ 4x2 + 3’1/3 +C

) 2 'Og(x +ax? 1 3)4C

\(nL|og(x +4x? 43)+C
1 .
(d) -2-Iog|3x2 +8x|+C
Sol. (c) We know that,
d - :
_X; 2 = 2
dx( +4x" +3)=3x" + 8x

By using the formula Iff'—((?dx =log| f(x)|+C

We get, [ M

|2 +4x +3|+C
X +4xt 43

Integratlon of Ratmnal

Functions
If the integrand of is a ratlonal function of the form
Ry P(x)
=
e Q)

(or we can reduced to this form), where P(x) and. Q(x) are
polynomials in x then it ‘is sometimes possible to express the
integrals in terms. of elementary functions by partial fraction

- etc

Example 16. Evaluate the integral

_ I sinxdx . .
E (1+cesx)(2+cosx) -
(1+cosx) \ (2+cosx)
log———+C log-s =2
g (2 )+- ) og(1+cosx)+c
(1+sinx) o (24 sinx)
d) log——2L 4+ C
% l°7(2+sinx)4-.c ( )’og(H-sinx) P
sol. (b) Put cosx =y => —sinx dx =dy
B et By i
(+y)2+y)

=Bl -logRANIAC

<3 24y ; e,
’ V=l BE ol
= LR J _ojg(1+y]_‘ S

(@4 cos x)
(1 cosx)
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x 2 3’{'., T i i
mn"" ﬂ,) ta ) :b; _ ': |
L Tl e
Example 17, What is the value of_f " 1;)”; +b?) S «7 _,...,;»w“ D il R TR |
(NDA 2007 1) (d) — b a ) ‘ e T g
. ™ dx . yA : ;
- X i X L o ey v o T SN S R
i‘i(") o (") sol(e) f O+ d)x" +b7) Ve
(@) Q. X : i . b~ il e
RO | AR ’,"(b"-%a")f (" + Y’ 4.b7) d‘ o
tan” {;11) (1“"'('1:;) : \ s ; ‘.1 1 - A oE I :
(b) ;i:’;_.:l_:a:; +C A AL L e s H(bT._a’)'r{x’ 4.‘0_ ‘ Xl'sz d‘l, g i
fﬂ*b) . Crehnh o '1 . 1= X)) .1 1# e
i i . R s e Lean™
©—a___ b . ' . Sy A R
(b? -a?) ,
W B
) f,/tan\ \risequalto (3)2)(.“1 ; -{b]X-!-av»""?”
SIn X cos x e 7 LN
) i Qe R
(@ 2/ cotx)+C‘ (b) \/mf,éf ' et 2 [
() Vi tanx) + ¢ (d) 2,/{ranx) +C : 5  What s f]og(x + 1) dx egual to? - i DAIM.}
. f%/:dx is equal !0 i e ‘ i ; f '_‘ . (a) xl;:g (X+1) -X +C b) jx + 1) |og(x+1)_x+c
' (c)~+c , 'oglx+n
(a) 2cosvx + ¢ ) ‘/"Cm+c o XHT T {d.)' P
(o) sinvx + ¢ (d) Zsm\/_+C TP A What is f(é”_‘ 1)"dx equal to? 373
3 What is fs‘-‘CX°dx ‘e Sy T e e ‘ Ty (Nﬂ
Taalitit ; ) (a) log (e" +1)+.C. s
(3) log (secx° + tanx®) + ¢ \ (L)

nlogtan T , 1‘)
b)) —\4_ 2

180°  *C
180°log tar( ") _ %
4 B i
{C) *\Tﬁi +C

180°%0g tar( T,
(o) B

4, (
W Cosecx + (d) acosecx + beotx +!
_ are constants i
10 What is 109x y
' (1+]ogx)2_dx €qual to? .
ik @) — '
5. 4 rax =1 2 (H"OQXP o (b) “"—l———"‘
f(x) °9f’(x)) - (1 +10gxp
(c) e X ek
1+ Iog5y* € (o) i oy
Where Ci a Cons'tant '(H logx)z
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